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1. INTRODUCTION

IN A series of recent papers [5-7] the present authors have studied questions of continuous
dependence and uniqueness for solutions of various classes of initial boundary value
problems in linear anisotropic elasticity. Logarithmic convexity arguments have been used
in these investigations and in particular uniqueness has been established for the various
classes of problems with no definiteness assumption on the energy.

In this paper the same convexity methods are used to examine the question ofcontinuous
dependence on the initial data of solutions to the linear anisotropic thermoelastic initial
boundary value problem. Here, again, we are able to deduce uniqueness under rather weak
assumptions on the coefficients in the governing equations.

Similar techniques have recently been used by Knops and Steel [8] to derive new
uniqueness results for elastic mixtures.

2. STATEMENT OF PROBLEMS CONSIDERED

We assume that a linear anisotropic thermoelastic material occupies a closed bounded
region B of three space with sufficiently smooth boundary oB. The governing equations
have the following form (cf. [4]):

and m Bx(O, T],

(2.1)

oe 02Ui a ( oe )
at +cFijaxJ.ot = ax; aij ax j (2.2)

where Ui(X, t) designates the cartesian components of displacement, e(x, t) is the temperature
deviation and the .1i'i are the cartesian components of the prescribed body force per unit
volume. In (2.1) and (2,2) the convention is adopted of summing over repeated suffixes
whose range is 1,2,3. We are interested in the behaviour of the material during only the
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finite time interval [0, T]. Therefore we have restricted (2.1) and (2.2) to the cartesian
product of the sets Band (0, T]. In the equations (2.1) and (2.2), the constant C is prescribed.
while the elasticities Cijk'(X), the density p(x), the conductivity tensor aiix) and the quantity
Fij(x), assumed to be prescribed functions of x (XI, X2' X3) alone, satisfy the following
restrictions:

(a) P :2: Pm > 0 for constant Pm'
(b) there exist finite constants M I, M 2 such that

(2.3)

(c) Cijkl = Cklij, aij = aji>
(d) aij is positive-definite i.e. there exists a positive constant ao such that

for all vectors ~i' (This last property accords with the Clausius-Duhem inequality.)
The type of initial boundary value problem considered here is that in which the tem­

perature, displacement and velocity are initially prescribed. In addition, the temperature
is prescribed on a portion ii of oB, the heat flux is given on oB - ii, the displacement is
prescribed on a portion ~ of oB, and the traction is given on oB -~. We shall, however,
limit our attention to the special cases:

(a) cB-ii is empty

m ~.~

(b) cB-~ is empty

and further consider only classical solutions of (2.1) and (2.2), assuming in particular that
the displacement and temperature are continuous in the closure of B. Naturally we could
equally well treat classes of weak solutions to the above problem, as was done in [5].

Throughout this paper, we shall say that Ui and () are solutions of problem :j' if they
satisfy (2.1) and (2.2), the designated initial conditions and either boundary conditions
of type (2.4a) or of type (2.4b). Further, the displacement is said to be of class ..;j!~ (u i E .t)

if it satisfies the inequality

T

JJ PUiUi dx dry :s: N 2

o B(q)

for some prescribed (finite) constant N; here, and later, the symbol B(t) means integration
over the body B at time t.

If c = 0 then equations (2.1) and (2.2) become uncoupled in the sense that (2.2) is
independent of Ui so that it reduces to the ordinary heat equation. The quantity
(%xj)(Fij() appearing in (2.1) may then be regarded as an additional body force term so
that the results of Knops and Payne [7J are applicable. Thus, without loss, we assume
in the sequel that C #- O.
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3. STABILITY UNDER PERTURBATIONS OF THE INITIAL DATA

Let (u;, (}l) denote a solution of problem fJJ, and (uf, (}2) a solution corresponding to
the same body force $ii and boundary conditions but with different initial conditions.
Without loss then we may consider solutions Ui = (ul-uf) and (} = «(}l _(}2) of f!J with
,q;;; == 0 and with homogeneous boundary data. This problem is designated by the symbol
f!Jo. The object of this paper is to examine the dependence on the initial data of solutions
to &'0' In fact, we establish the following theorem:

THEOREM 1. If (u;, 8) is a solution of &'0 and Ui E JV then for finite time it is possible to
determine explicit positive constants K; such that

(3.1)

if ::l::l Ii}1-.1VU; vUk 1+ K 4 CijkJ-a -;- dx +K s 8 dx ,
B(O) Xj vXI B(O)

where

<5 = l-exp( -Kot) .
l-exp( -KoT)

(3.2)

The proof of this theorem makes use of logarithmic convexity arguments similar to
those employed already by the authors in treating the corresponding elastic problems [5-7].
Before proceeding with the proof, however, we first develop some auxiliary lemmas.

LEMMA 1. If (u;, ()) is a solution of &'0 then

I'J J' I 88 88(J2 dx dIJ + 2 (t -IJ)aij-' - dx dIJ
o B(~) 0 B(~) 8Xi 8xj

(3.3)

i i'l 8u- 8u-=:;2t 81 dx+2[d1 +d1t] (t-IJ)p~~dxdIJ,
B(O) 0 B(~) vIJ vIJ

i 1 1'1 88 8ee dx+ a.. - --dxd1]
B(,) 0 B(~) IJ 8x; 8xj

(3.4)

where

(3.5)

and v is an arbitrary positive constant.
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To prove this lemma we observe that from (2.2) and an integration by parts it follows
that

(3.6)

(3.7)

I 2 III cO cO= t 0 dx - 2 (t -1J)aiF~--- dx dlJ
B(O) 0 B(~) eXi LX)

II J au· D
+2c (t-IJ)~ ~ [Fi)O] dxdlJ.

o B(~) (,'1 ox;

An application of the arithmetic~geometric mean inequality to the last term gives for
arbitrary positive constants IXI and 1X2,

II I a CUi2c (t-IJ)-~ [F;jO]-- dx dlJ
o B(~) ex j CIJ

-~{ II I 2 II I ao cOs IcIPm 2 IX I 0 dx d1] +1X2 (t - 1])aij~-- -~-~_. dx d1]
o B(~) 0 B(~) eXi ex;

[M~t Mi JIIJ cu· cu· }+ ~+~ (t-lJ)p ~ '--' dx dlJ .
IX I aoIX 2 0 B(~) DIJ 01]

Thus by choosing Iclp';;~1X2 = 1 and Iclp';;~1X1 = i we find, upon insertion of(3.7) into (3.6)
that inequality (3.3) results. An immediate consequence of (3.3) is the further inequality:

(3.8)

(3.9)

(3.9a)

with d l and d2 given by (3.5).
Just as in the derivation of (3.6) it follows easily that

I 2 II I DO cO I 2 II I CUi a° dx +2 aija- ~-- dx d1] = 0 dx +2c ~- ~ [FijO] dx dr/.
B(I) 0 B(~) IX; uXi B(O) 0 B(~) C1] UXj

Again using the arithmetic-geometric mean inequality on the last term with appropriately
chosen constants, and making use of (3.8), one obtains immediately the desired inequality
(3.4) and the lemma is proved.

It is worth noting that if a is not empty one could use, after an application of the arith­
metic-geometric mean inequality, a bound of the type

ItI 1 II I cO ao02 dx d1] < --- a·-~ -- dx d1]
- • lJ:i '

o B(~) Aao 0 B(~) eXi CXj

where A. is the first eigenvalue in the corresponding fixed-free membrane eigenvalue
problem for B. Using such an inequality, it would be possible for computable constant do
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to derive an inequality of the form

I 2 It I 00 00 I 2 II I OUi OUio dx+ aij- -dx dl] < 0 dx+d 3 p- - dx dl],
B(t) 0 B(~) OXi OXj - B(O) 0 B(~) 01] 01]

instead of (3.4). A combination of (3.9a) and (3.9b) would then give

I III I III au· OU·02 dx + lao 02 dx dl] ::; 02 dx + d3 p~~ dx dl].
B(l) 0 B(~) B(O) 0 B(~) 01] VI]

If (J is empty then, by (2.4), oR- ~ is empty, and since

I I III a OU'Odx Odx-c -(Fij)-' dxdl],
B(l) B(O) 0 B(~) oX j 01]

we can make use of Poincare's inequality to obtain instead of (3.9b),

r 82dx+ ItI aij~O ~O dxdl]::; r 82 dx+d4t[I 8dxJ2
JB(I) 0 B(~) VX; VXj )B(O) B(O)_

III aU· ou·
+(d5 +d6t) ~ ~dxdl],

o B(1/) VI] VI]

for computable d4 , ds and d6 •

LEMMA 2. If (Ui, 0) is a solution of gPo then the function

I 2 II I 00 00 I [au; OUi OU; aUkJJ(t) = 0 dx+2 aij- -dxdl]+C p- -+Cijkl- - dx
B(I) 0 B(~) aXi aXj B(l) at ot aXj aXI

is a constant independent of time.
This result arises from the identity

III aUi{ 02Ui 0 ( aUk) a }o= ;< P--::;--y-:;- C;jkl:;- +:;-[FijO] dx dl]
o B(1/) vI] 01] VXj vXI VXj

ItI OUi a= E(t)-E(O)+ - -[FijO] dx dl],
o B(1/) 01] OXj

where

1177

(3.9b)

(3.9c)

(3.10)

(3.11)

(3.12)1I [aui au; au; OUk]E(t) = L: P;;- ;;-+Cijkl:;-:;- dx.
B(l) vt vt VXj vXI

Here, we have made use of the symmetry condition (2.3c), and an integration by parts.
But if (3.11) and (3.9) are now combined we obtain

J(t) =J(O), (3.13)

the required equality.
Lemma 2 gives us a conservation law for the quantity J(t). If C > 0 and

r C;jkl!/Jijt/!kl dx ~ 0
JBm

for all tensors !/Jij, then (3.10) yields immediately ordinary Liapounov stability in the
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J-norm and we need proceed no further. (Indeed, this result closely resembles the linear
version of one obtained by Ericksen [2, 3J in discussing thermoelastic stability.)

Otherwise, let us define

F(t) = {' r PU;U;dXdl]+(T-t)J' pUjujdx+}', (3.14)
J0 JB(~) B(O)

where the non-negative constant y, dependent upon the data, is to be determined later,
and let us proceed to establish the inequality (3.1) with the help of F(t).

Now, differentiation of (3.14) yields

and

where

dF I I J'J GU'~d. = PUjUj dx - PUjUj dx = 2 PUj~ dx dl],
t Bft) BfO) a Bf~) VI]

(3.15)

(3.16\

(3.19)

(3.18)

Q = 2 {' £(1]) dl] + {' r Uj 1(~ [FiPJ dx dl] j' PU; (~Uj dx
J o JOJBf~) (Xj BWI ot

= 2t£(O)+(t/C)f 02dx- r pu;(:Ui dx (1/e)flj' 02dxdr/
B(O) JB(O) d a B(~)

- (2Ie) {' J (t I])aij ~O ~O dx dl] + {' f Ui ~(j -[FiPJ dx dl]. (3.17)Jo B(~) LXi ex; Jo B(~) ox;

according to (3.10). An application of the arithmetric-geometric mean and the Schwarz
inequalities to the last term yields

Q::S; 2t£(0)+(t/e) r 02dx+(3/2Ie!) (' r 02dxdl]
JBW) J o JBf~)

i tf cO cO f au _J' J~+ (2/1c!) (t -I])aij----' dx dl] - PUj1 ' dx + (d2/41c1l PUjUj dx dl]
a B(~) eXj DXj B(O) it 0 Bf~)

{f'f f' f ao DO } 1;2+ (dI /2 /1c!) pUjujdxdl] uija- i dxdl] .
a B(~) a B(~) .Xi CXj _

Let us now make use of (3.3) and (3.4) to write

{ I
II ~ ~CUj CUj

Q ::s; 2t£(0)+(t/c) r 02dx+(3/21c1l 2t r (p dx+2(d 1 +d 2t) (t-l1)P a- a
• Bfa) JB(O) a Bf~) I] I]

x dx dl]} - r pu/~Uj dx +(d2/4Icl) I' r PUjUj dx dl] +(dI 12/I C!){ {' r PUjUj x dx dl]} 1/2
J B(OI ot a J B(~) J a J B(~I

X [{ (1 +vt) L(o) (-)2 dX} 1/2 +{(1 +vt) d j

{I'f cu- cu· }1/2J+(V- 1 +t2)d2}1/2 p-~...2-'-'dxdl],
a B(~) 01] 01]
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where in the last expression we have used the fact that for real numbers a l and az

(ai +a~)I/Z S lall + lazl. (3.20)

Let us rewrite (3.19) as

3(d l +dzt)lt i cU; cU; [dz dl ] It i
Q s Q I + I 1 (t - '1)P;:;- ;:;- dx d'1 + 4-11+2-----Y PU;Ui dx d'1

c 0 B(~) u'1 u'1 c c 0 B(~)

dl/Z {It I It f cu· cu· } liZ+_11_1 {(l+vt)d l +(v-l+tZ)dz}I/Z PU;Ui dxd'1 p-i- -i- dxd'1 ,
c 0 B(~) 0 B(~) u'1 u'1

(3.21 )
with QI being given by:

QI = 2tE(0) + [t{c- I +(3/2ICI)}+(1 +2
vt

)] f 8z dx- r pUic"u;dx
B(O) JB(O) ut

We shall further require in subsequent calculations the following two lemmas:
LEMMA 3. If (u;, 8) is a solution of ;3P0 then

(3.21a)

(3.22)

(3.25)

(3.24)

(3.23)

I
dFI dF I- s -+2 pUiu;dx.
dt dt B(O)

This lemma follows trivially from the inequality

IdFI s r PUiUi dx+ r PU;Ui dx.
dt JB(t) JB(O)

LEMMA 4. If (Ui, 8) is a solution of .'?flo then

1'1 cu· cu· 1 dF I'(t-'1)p-i- -i- dx d'1 s -2 -;-+ eA2(t-~)[Q1-AIy] d'1+tAz eA2t[F(t)_y]
o B(~) u'1 u'1 ut 0

+ ~1(eA2t-1)F(t)+A21[A2z+ AAI][(Azt-1)eA2t+1] r pu;u;dx,
z z JB(O)

where y is given by (3.14), QI by (3.21a) and

1 { -I Z } jAl = ~z dl [(1+vT)d l +(v +T )dz]+lcldz+2d l ,

Az = ~(dl +dzT).

To prove this lemma we note from (3.16) and (3.21) that

r r P CUi CU; dx d'1 = ~ d
Z
F +g

Jo JB(~) C'1 C'1 4 dtZ 2

~ dZF QI 3(dl +dzt)ltf CUi CUi
s 4 d z + 2 + 21 I (t - '1)p;;- ;;- dx d'1t c 0 B(~) u'1 u'1

(
dz dl ) It I lIt I cU; CUi+ 81I+ 42 PUiUi dx d'1 + -2 P;;- ;;- dx d'1
c c 0 B(~) 0 B(~) u'1 u'1

1 dl -I Z ItI+gz[(l+vt)d l +(v +t )dz] pUiu;dxd'1'
c 0 B(~)
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(3.27)

(3.30)

Here we have used the arithmetric-geometric mean inequality on the last term of (3.211
Combining we have

I'I aUi CUi 1 d
2
F j" J" . au; aUiP;:,- --dxd'1:<S: J --,+Q, +A 2(t) (t-'1)p--;;- , dxdl}

o B(~) clJ 0'1 ~ dt- () B(~) c'1 clJ

+A,(t) r'f pUju;dxd'1, (3.26)J() B(~)

where

3(d, +d21)
A 2(t) =-I~-- :<s: A 2 ·

Upon replacing AI(t) and A 2(t) by their respective upper bounds A, and A2, we may easily
solve (3.26) for the third term on the right to obtain

r'f (t-'1)p~u; OUjdxdlJ:<S: eA2,{.I. r' e-A2~d2~dlJ+ r' e-A2~[Q,_A dl}
J0 B(~) 0'1 alJ 2 J0 d'1 J0

+A I Le-A2~F('1)d'1}' (3.28)

On integrating the first and last terms by parts in opposite directions, we obtain in a straight­
forward way

I,f cU; CUi 1 dF I' A,(t-'1)p-;;--dxd'1:<S: - -+ eA2(t-~)[Q,-A,}']dlJ---F(t)
o B(~) 0'1 CIJ 2 dt 0 A 2

A, [A 2 A,] It . dF+--F(O)eA2t+-+- eA2(l-~)_.._ dlJ. (3.29)
A 2 2 A 2 0 d'1

Again, since dF/dt + fB(o) PUiUi dx ::::: 0 it follows trivially that

It dF I f
eA2(l-~)-d'1:<S: eA2lF(t)-F(0)]+--[(A21-1)e-'12t+l] pu;u;dx,

o dlJ A 2 B(O)

and insertion of (3.30) into (3.29) establishes the lemma. We note of course that F(O) ::::: y.
We are now ready to proceed with the proof of the theorem. Using (3.14), (3.15), (3.21)

and (3.27) we form

d
2
F (dF) 2F~- - ::::: 4s2-2FQ

dt2 dt

{ I'f cu· cu
::::: 4s2- 2F Q, + A 2 (t -1J)Pa~ i dx dlJ

o B(~) IJ )IJ

+ (!!2.+dd2C2) r' I PUiUj dx d'1
41cI Jo B(~)

[
d J'/2[i'I itl cu au J1 /2}+ 4A, -.l:..-2ddc2 PUiUidxd'1 p~T'dxdlJ '
lei 0 B(~) 0 B(~) CIJ ('1

(3.31)
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where

S2 = It I pu;u; dx dl1 t f P~U; ~Ui dx dl1- [ Itf pu; ~Ui dx dl1J 2 ~ O. (3.32)
J0 JB(~) J0 B(~) ul1 ul1 J0 B(~) UI1

Now using lemma 4 it follows that

d
2
F (dF)2 2 dF (d2 d1) 2 [ 2A1 ATJ A T 2F-- - ~ 4s -2F12-A2F-- -+- F -A2 A2-t--(l-e- 2 ) e 2 F

dt 2 dt dt 21el e2 A2

[
4d2 8d1J1

/
2 {2 (dF)2}1

/
2- 16A1---- F s + -

lei e2 dt'

where

Clearly

[ (
dF)2J1/2 IdFI dF fS2 + (it :s;; S+ (it :s;; S+(it+2 B(O/U;U; dx,

the last inequality following from lemma 3.
Let us now take y of the form

~ f 2 ~ i ~ f au; au; ~y = ko e dx +k1 PU;Ui dx +k2 p- -;- dx +k3IE(0)1,
B(O) B(O) B(O) at ut

with the k/s chosen so large that

[
4d J1 /

2 I
12+ 16A1-i-8dt/e

2
JB(o/u;u;dx:s;; O.

This means that for fixed computable k we must have

{
1 2 A T d2 d1 } It A ( ) - f
zA2e 2 +41el +2e2 y ~ Q1 + A2Joe 2 t-~ Qt(l1) dl1 +k B(O) PU;Ui dx,

which is clearly possible in view of the expression for Q1 .
Making use of (3.37) and (3.35) we now have

d
2
F (dF) 2 2 - 2 _ _ dF

F dt 2 - (it ~ 4s -K1F -K2Fs -K3F(it,

where

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)
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(3.41 )

The non-negative terms resulting from (3.37) have been dropped on the right. If we now
complete the square on the right and again drop the non-negative term we obtain

,d2F (dF) 2 0 dFF~- -- > -2klF~-k,F
dt 2 dt - ~ dt'

where

16K! +K~
---_._--

32

If F(t) is identically zero for 0 S; t s; T the problem is of no interest. Hence, we assume
that there exists an open interval (t!, t 2 ) on which F(t) > O. Then for 0 S; II < t < 12 S; T
we may divide (3-41) by F 2 to obtain

or

On setting

we may write (3.42) as

d(1 dF) k2 dF- - - +- - +2k > 0
dt F dt F dt 1 - ,

d 2

-jln(Fr-2kllk~J) > 0dr2 I f - ,

(3.42)

(3.43)

where F is now to be regarded as a function of r. Jensen's inequality together with the
continuity of F(r) then gives

where

(3.45)

Now, either F(t d = 0 or t 1 = O. IfF(t d vanishes then it follows from (3.44) that F(t) vanishes
identically for tIS; t S; t 2 and hence for 0 S; t S; T. This fact clearly implies the uniqueness
of the solution Ui to problem 21)0 under the assumptions of the theorem. Thus, without loss,
we may take t! = 0 and so obtain from (3.44)

Since Ui E .IV it follows from (3.14) and (3.36) that if the initial temperature, displacement,
and velocity are square integrable and the initial energy is finite then there exists a finite
constant N 1 such that

F(T) S; NT. (3.47)
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Then immediately from (3.46) we have

I [ f ]l-bf. f pu;uidxdl]+(T-t) r pUiu;dx+y s e2k,lbT-ll/k2Nib T pUju;dx+y ,
o B(~) JB(O) B(O)

(3.48)

with J given by (3.2) (with K o replaced by k2 ). Inequality (3.1) then follows with the help of
(3.36), the arithmetic-geometric mean inequality and other simple devices.

4. EXTENSION OF RESULTS IN SECTION 3

The continuous dependence inequality of Theorem 1 does not directly imply the
continuous dependence of () in any appropriate norm on the initial data. However, in order
to establish this conclusion we integrate (3.3) and (3.23) with respect to t to obtain respec­
tively

and

II f. 2 CU· CU·
+[dt +d2T] (t-I]) p~~dxdl],

o B(~) VI] VI]

1 f.1 f 2 CUi CUi- (t-I])p~~dxdl]sbtF+b2Y'
2 0 B(~) VI] vI]

(4.1)

(4.2)

where the bi are computable positive constants. Substitution of (4.2) into (4.1) and use of
(3.1) then clearly establishes the continuous dependence of () in the norm

(4.3)

on the initial data measured by an appropriate norm.
Continuous dependence of () in our Lrnorm may be obtained from (3.4) together with

the inequality derived from (3.1) by replacing U; with cu;/ct. Now, however, the initial data
must be such that the displacement, its first and second derivatives are all initially square
integrable.

Finally, the results of this section together with Theorem 1 yield the following two
corollaries:

COROLLARY 1. There is at most one solution of the problem rJJ.
A uniqueness theorem for the generalized solution of f!J!, based however on the stronger

requirement of a definite energy, is proved by Dafermos [1].
COROLLARY 2. In B x [0, T] the solution of the problem f!J! depends continuously on the

initial data (where both solution and data are measured in appropriate norms) provided the
displacement U; is of class At:



1184 R. J. KNOPS and L. E. PA YNf:

It is of mathematical interest to note that if (2.1) and (2.2) were of slightly different
form, i.e.

(2·n

and

(2.2')

the mathematical problem would have been somewhat simpler and in fact the requirement
of uniform boundedness on the derivatives of Fij could be removed altogether. Unfor­
tunately the thermoelastic system is not of this form.

Nole added in prooF--Since completing this manuscript, the authors have become aware of an earlier proof
of Corollary 1 (uniqueness) by L. BRUN, C. r. hebd. Seanc. Acad. Sci., Paris 261, 2584-2587 (1965) and Jnl Mec.
8. 167-192 (1969). Brun's approach, based upon reciprocity. is however entirely different to that adopted here.

REFERENCES

[I] C. M. DAFERMOS, On the existence and the asymptotic stability of solutions to the equations oflinear thermo-
elasticity. Arch. ralion. Mech. Analysis 29. 241-27] (1968).

[2] J. L. ERICKSEN, A thermo-kinetic view of elastic stability theory. Inl. J. Solids Siruct. 2. 573-580 (1966).
[3J J. L. ERICKSEN, Thermoelastic stability. Proc. Fijth U.S. nal. Congr. appl. Mech. pp. 187-193 (1966).
[4] A. E. GREEN, Thermoelastic stresses in initially stressed bodies. Proc. R. Soc. A266, 1.. 19 (1962).
[5] R. J. KNopsand L. E. PAYNE. Uniqueness in classical elastodynamics. Arch. ralion. Meeh. Analysis 27.349-355

(1967)
[6] R. J. KNOPS and L. E. PAYNE. Stability in linear elasticity. Inl. J. Solids Siruel. 4, ]233-1242 (1968).
[7] R. J. KNOPS and L. E. PAYNE. Continuous data dependence for the equations of classical elastodynamics.

Proe. Comb. Phil. Soc. 66. 481··491 (1969).
[8] R. J. KNOPS and T. R. STEEL. Uniqueness in the linear theory of a mixture of two elastic solids. flit. 1. Engllg

Sci. 7. 571-577 (1969).

(Received 21 Jull· 1969; revised 13 October 1969)


